The Effects of Corrclated Noisce
in Phascd-Array Obscrvations of Radio Sources

Rachicl J. Dewey
Jet Propulsion Laboratory, California Institutc of Technology
4800 Oak Grove 11 ., Pasadena, CA 91109

c-mail: vjid@sgra-Jpl-nasa. gov

Reccived: o

. Aceepledr e -

Abstract

Arrays of radio telescopes are now routinely used to provide increased sign al-to-noise
wlien observing faint point sources. However, calculation of the achicvable sensitivity
is complicated if there are sources in the ficld of view other than the target source.
These additional sources not only increase the system temperatures of the individual
antentias, but may also contribute significant “ correla ted noise” to the effective system
temperature of the array. This problem has been of particular interest in the context of
tracking spacecraft in the vicinity of radio-bright planets (e.g. Galileo at Jupiter), but it
has broader astronomical relevance as well. This paper presents a general formulation
of thie p roblem, for the case of a point-like t arget sourer inthe presence of an additional
radio source of arbitrary brightness (list ribution. We re-derive the well known result
that,inthe absence of any background sources, a pliasedarray of Nidenticalantennas
is a factor of N more sensitive thanasingle antenna, Wealso show that anunphased
array of Nidenticalant ennas is, on average, no more sensitive tha n a single antenna
if the signals from the individual antennas are combined prior to detection. In the
case where a background source is present we show that the effects of corrclated noise
arc highly geometry dependent, and for some astronomical observations may cause

significant fluctuations inthe array's eflcctive systemt emperature.



1 Introduction

Arrays of radio telescopes can be used not only to Mmap extended radio sources, and
make higl) accuracy astrometric M casurement of poinit sources, but, in a “p] 1ascd-array”
mode, to provide increased signal-to-noisc when observing faint point. sources. lor example,
the phased-array VLA is now regularly uscd for pulsar timing observations (¢.g. Thorsett
1991) and V1.1 experiinents (Thorpson, Moran and Swenson 1986, and references therein ),
and was arrayed with antennas at the the 1 Jeep Space N etwork complex in Gold dstone for
increased sensitivity in telemetry reception during Voyager’s Neptune encounter (Stone and
Miner 19S9; 1 3rown ¢l al.1990); a varicty of arraying scliemes arc being; considered for
telemetry reception during the Galileo spacecraft’s tour of Jupiter (G. Resch, personal com-
municali on). Though there have been extensive discugsions of the sensitivity that canbe
obtained in an interferometric image (e.g. Thompson, Moran and Swenson 1986, [p]). ] 55
1 68]; Perley, Schwab and Bridle 1 989 [Chiaps.7,22,23]; McCullougl ) 1 993), treatiments of
non-imaging applications of arrays have been limited (e.g. Thompson, Moran and Swenson
1986 [pp.308-31 O]), andin some cascs, not entirely accurate. This paper presents a general
formulation of the cflective gain and the cflective system temperature of an array of anten-
nas,ar Id discusses indepthione of the probleins peculiar to the use of phasced arrays to obtain
large collecting areas, that of the “correlated noise” from extrancous sources in the array’s
field of view. This problem has been of particular interest inthe conitext of tracking space-
craftinthe vicinity of radio-bright plancts (¢. g. Galileo at Jupiter [Dewey 1{){)2]), but it has

broader astronomicalrelevance as well, particularly tothe calibration of VI.Blexperiments.

The paperis organized as follows: Scction 2 derives expressions for the eflective gain and
system temperature of an array, and for t1ie contribution of corrclat ed noise to the effective
system tempera tures. Ihe case considered infairly gencral: a Imi]ltl-like target source in
the presence of an additional radio source of arbitrary brightness distribution, observed by
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a array of N not-nccessani ly-identical telescopes. In Section 3 we use these expressions 1o
examine the eflcets of correlated noise for a realistic astronomical observing situation, which
illustrates that the effects of corrclated noise may be large (comparableto or greater than
other contributions to the cffective system temperature) and may vary significantly onshort
time scales. I'or the sake of compaciness th ¢ derivations of a nurnber of expression s used in
main text arc relagated to appendices. Appendix A examines the voltage fluctuations in the
arrayed signal, Appendix B derives expressions for the spectral power in the arrayed signal,
and Appendix C derives the opt iinal form of the weighting factors to use when combining

the signals from the individual antennas.

2 Effective gain and system temperature of anarray

IF'or a single antenna of gain G and system temperature 7' observing a source of flux

Sy, the signal-lo-noise in a single polarization and unit time and frequency interval can be
0Oy g glc]

written

RsN = ;57; So . (D)

Note that al theinformation about the sensitivity of the antennaand the front-end receiver
is contained inthe term G/7'; Sp depends only on the source. The quantity G/7" is commonly

used as a “figurc-of-merit” to describe the sensitivity of a particular antenna.

1 lere we derive an cflective gain, Gy and an cjl’dive system temperature 7 L for an

array. Analogous to the single anteima case, these quantitics must satisfy

.(,7 off S 0 . (2)

7€SN =" 7
1 el

If the total rcccived power (including system noise) per unit bandwidthin a single

. . . target . . : .
polarization, is J%;,and " is thec portion duc to the target source, the signal-to-noise
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can be written
P target
5
Ran — 3
_ Al ©)
where Al represents the root-ican-square fluctuations in the arrayed spectral power. I
is shown in Appendix A that when the signals from the array clements are summed before
detection A’y = Iy just as for a single antenna. Iiquation (3) canthen be written so
ytarget

~.sel=ji-; (4

cflective system temperature of the array as can be identified as

I Iy
Ter = 7, ()

B

and the cffective gain Of the array as
ytarget
Iy

Geg = -5 — . 6
efl ]"'H'SO ( )

n this paper we consider the case where the “target source” is point-like, has ola

In this papa ler il ] the “target ” is point-like, 1 a total
flux Sp and is located in a direction 8. Yor the purposes of this discussion “point-like” can
be taken to mcan small compared to the synthesized beam of the array or, equivalently, unre-
solved on any array bascline. We assume that there is aso a background source (or sources)
in the array’s ficld of view, with total flux $P5&2d and Lrightness distribution ]l'kg"d(é).
or simplicity we assume that both So and 7 PF6"9(8) arc constant in ti anc var

Tor simplicity that both Sy and ]”}‘5“('( ) tant in time and do not vary

appreciably with frequency across the bandwidth used for the obscrvations.

We assume  that the array is composed of N antennas, not necessarily identical. The

coordinates of the ™ antenna are represented by the vector vy, its on-axis gain by G; and
its system temperature (lool <ing at an “empty” field) by 7;.1n addition we assumc that all
the antennas in the array are pointed in the direction 8¢ (4. ¢. toward the target source) and

that al the antennas usc the same bandwidth.




The purpose of arraying isto combine the signals from the N antennasinsucha way as
{o maximize the sig]lal-tfo-noise onthetarget source. To this end, undctected signals from
cach antenna arc delayed, phasce-shifted, and summed, with appropriately chiosen weighting
factors (1 'hompson, Moran and Swenson 1986 [pp.308-310]). If v;(v,1) represents voltage
Jroll i antenna at time {and frequency v (sce Appendix B3, the arrayed signal can be

writlen

N
U))(V, 1,) — 2: W;e m;uvi( vt A Tim) . ©)
[ED |

m

The inserted “model” delays, 7/, arc chosen so as to compensate for delays suffered by a
signal from dircetion 8y, and can be calculated a priori. When the array is properly phased,
the values of ¢!, the inserted “modcl” phase-shiftjs, arc chosen so as to compensate for
random phasc differences between antenna, caused by media and hardwarce cflects. These
phase corrections arc not known o priori and must be determined in real time. The weighting
factors, Wi, can be chosen to maximize: $ignal-lo-16isc inthe summed signal. We assume
they arc normalized such that 22 W = 1, and when called for, use the approximation
W; o +/G/T; which is strictly valid when the noise contribution Of the background source
can be ignored (sce Appendix C). It should be noted that the details of how the delays and
phases arc inserted, orthe frequency to which the signal is mixed before various stages of

the processing arc arcirrclevant for the purposc of this calculation.

The total power be unit bandwidthin the summed signal is given by

Py = <|vx(1/, i)|2>
7

N N

= >3 M’ﬂka<ci(¢'lf" Vot 4 1) or(, 4 'ri.”)]*> ) (8)

=1 k=1 T

where angle brackets denote time averaging, and * denotes complex conjugale.

As shownin Appendix 13 this can be re-written ina more physicall y in formative form,

]\7
Py o=k [)_jwﬂyg--a- //dé]f(é-éo)l(é)] , 9)
i=1
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where I3(§ -- §o) represents the synthesized beam of the array (sce Equation [46]), and ] (§)
is the total brightness distribution, including target source. In general the synthesized beam
13(§ - §¢) has a large number of high sidelobes; therefore regions of the source well removed
from §¢ may contribute significantly to the summed power. The more compact the array
is, thelarger the region of sky covered by the synthesized beam pattern. If the brightness
distribution J Pk&nd is patchy, the amount of power contributed by the sidelobes will change

as the orientation of the synthesized beam pattern o11 the sky changes.

Appendix 3 also shows that I%; can be written in terms of the source visibilities,

N N ]
]’é; = ]H L]Vz_/z - SOLL”/”/ \/21,('AC S~ 5¢¢)L)—i

t==1 k= 1

AY . o
4. Gbkend >_: >; W, W, \/Gi(;k (:i(éd';_»sd'k)via{kg~,|d : (10)

i=1 k=1

w] icre V,-l,:kg"d 1s the normalized visibility of the background source on the -k bascline (see
liquation [48]), SY%&nd is {hc total flux of the background source, and §¢; == ¢i — o is
the difference between the actual phascshift, ¢ at the ¢ antenna and the inserted phase

correction, ¢,

The sumimed power duc only to ihch]’ get source, ]’;;\fil‘gol’ is

target NJ
PETE ke 0D Wil JGiGy im0 (11)
1=1 k=1
so from Equation(6)it follows that
N N L N N
Gor = E};Wiw,\.\/a,‘ak (6480 }_J W2 - LL]«/}«/ N
1=1 k=1 1=1 ki

(12)
H we assume that the contribution of the target source to the total power is small, i.c.

N —

S WWin GGy << szf 4 §hhand S S gy, JaGe , (8)

i=1 k= i=1 k=1

—
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so it follows from liquations (5) and (1 O) that

N N N -
Tor = 3 WL 4 SPR€ SN Wy, GGy o6 4y bhend

i=1 i=1 k=1
3 ignd ¢ and \y- o bkgnd
- 2; ‘/1/'1.2 [7; + Sb}\g“d(;i] 4 Sl)}\gn(l >—: >_: "V,"/Vk \/Gi("k Cz(&d;.--6¢k)v“2 gnda :
=1 i=1 ki

(14)

where G represents the gain of theit* antennainthe direction of the background source.
The first termin the above equation is the weighted average of thesystemtemperatures
(including the contribution from the background source) of the N antennas.The second
term in liquation (14), the sum over al baselines, represents the correlated noise,

N N I
Teorr = S“"g“dEZLVA«VM/Q(Jk ci(6ti—6t)ybhgnd (15)
i=1 ki

BothGoy and 7. depend, throughé¢, -- 8¢, on the phase shifts ¢i*, and ¢} whicharce
inscrtedto correct for the random antcm]]a-based phasc shifts. The cflective gain, andin all
but pathological cases, the signs]-to-noise, will be maximized when é6¢; — é¢, = O for al ¢, k.
If this condition cannot be fulfilled, Gy will be less than its optimum value. Fortunately,
since the quantitics Vi are complex, phasing the array dots not nccessarily maximize 7.
For a perfeetly phased array (6¢; == 8¢, = 0) the cflective gain and system temperature

reducclo

N N
Gl = 3D Wi /GiGy (16)
i=1 k=1
a1yd
¢ N bkgnd 7 lk'lN N v v yybkgnd
P = oW ['JH 5'8“‘(;,-] A GURENEN " ‘W,-Wk\[G,-Gkvi; gna (17)
i=1 i=1 ki

These expressions take particularly simple formsin the case of an array of identical

antennas, where for all 7, W; = 1 /\/]—V, G;=Gand 1, =1"

Gy = NG (18)
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1 Y
y|(¢?[r = 7o Gvgb]\gnd_{ G val\gml LLVU\S“CI , (]9)
1=1 ki

and

7

bkend * 12 bkgnd
Teorr = GS™E" Z L Vik ) (20)
t=1 ki

T'h ough for an extended array 7'corr approaches zero, for a compact array it may become the
dominant contribution to 'J'zﬂ« I'or a compact array of identical antennas ’J'g'ﬂ"\' (AT—1)G Gbkend
I should be noted that for some geometrics 7oy < O; however the total contributionof the

background source, (G’Sbkghd -{ Teorr, for identical antennas)is always positive.

It is also instinctive to consider the case of anunphased array of identical antennas.
Inthis case ¢"= ¢ == O and é¢; = ¢:, 8¢, = dr. Since the antenna based phasc-shifts
$is @1 arc uncorrclated between antennas and vary with time, the cflective gain and system
temperature vary with time as WC]]. I'or truly random phascs, the sum over the N(N -1)
antenna pairs inliquations (1 2) and (14) is, on average, zero. It follows that, for anunphased

array, the average values of Gy and Ty, 1corr are given by

G - G @
<J,un ¢'> = 14 Sb]\'gndcv : (22)

and
(r 'CO]‘I‘> = 0] . (23)

It has veen stated (Thompson, Moran ant] Swenson 1986 [p.309]) that an unphased array
is morc sensitive, by a factor of \/N,Ulﬂl] ansingle clement. 1 lowever, it is clear from the
above analysis, that thisisnotthe case. The response of an unphascdarray of identical
anltenna is, on average, identical to the responsc of a single clement, if the antenna phases

(¢i, dr)arciruly Ullcol’Ielated. This is a direct result of the fact that when the signals from
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theindividual antenna.s arc summed prior to detection, the power in the summed sigma]

duc to the targel source grows no {aster than the power duc to noise, unless the array is
phased (scc Appendixsce-noise). A /N increase in sigl]al-to-noise can be obtained from an
unphasced array if the signals from the individual antennasarc detected hefore the summing
is done. Inthis case, there is no further improvement if the array is phased. An analogy
can bemade o the case where signals of opposite polarizations arc summed. If the signals
arc added after detection sensitivity is increased by afactor of V2; however if signalare

combined before detection as many components cancel as add in phase,

3 Discussion

1t is usclul to examine the cflects of correlated noise in the context of a realistic astro-
nomical observing scenario. We consider the case where the phased-array VLA is used as an

clement in C-band VLBl observations of the core of a radio galaxy similar to Cygnus A

The VLA is modclled as an array of 27 identical 25 meter antennas. We usc the C-
band (5 G]] z) antenna parameters listed in the ( VLA Obscervational Status Summary, May
1993), specifically, 0.1 K/Jy gain, (;01< zcnith system temperature, and 9 arcminute half-
power beam. Wc usc the antenna spacings listed in Thompson ¢l al. (19S0); minimum
and maximum basclines are, respectively, 0.S and 36 km (A-configuration), 0.2 and 11 km

(B-configuration), 0.0S and 3.4km (C-configuration), and 0.04 and 1.0 km (D-configuration).

The qualitative effects of correlated noise can been seen with a quite crude model of a
radio galaxy with a faint core, and bright lobes. We a usc model patterned roughly after
Cygnus A (Mitten and Ryle 1969; Carilli cl «l. 1991): a radio galaxy withlobes described by
two circular gaussians (40 arcsccond l/c width), separated by 2 arcminutes with the core
midway between them. There arc hot spots at the edge of each lobe aiso described by circular

gaussians (4 arcsccondl/c width). The total C-band flux (excluding the core) is assumed to
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be 350 Jy, of which 300 Jy isin the lobes, and 50 Jy in the hot spots.Inorder to assess the

cllects of diflerent source geometry on the corrclated noise we calculate 'f'cd'fr for 49 diffcrent

orientations of the source on the sky. Other changes in gcometry (such as varying the exact
location of the core or the hot spots) have a much smaller effect on Tcd'ff than changes in the
overall source orientation. Ifigure 1 plots 'j'g’fr versus hour angle for the four different array
configurations, and 45 diffcrent orientations of the surce on the sky. Iiach point of the graph
corresponds to the cffective temperaturc al a given hour angle, for a particular, randomly
chosen, source orientation. The variation of 7,7 with hour angle for one source orientation
(that corresponding approximately the truc orientation of Cyg A) is shown as asolid line
to indicate the timescale on which Tzfr varies. It is clear fromthe large scatter of points in
Iigure 1 that 7% is highly gcometry dependent, and therefore may vary significantl y with
hour angle. ‘l)hc source contributes about 35 K to the system temperature of each antenna,
and for al but the most compact configuration the avecrage contribution of corrclated noise is
zero. In the compact D-configuration the average corrclated noise contribution is 8 K, but it
ishighl y variable: over al the gcometrics considered, the minimum 1 )-array corrclated noise
contribution is — 101< and the maximum is+ 1351<. T'he variability is less pronouncedin the
more extended array configurations: in C-array the minimum corrclated noise contribution is
- 8 K, the maximum +-25 K; inB-array the minimum is -4 K, the maximum +6; in A-array

the minimum is -1 K and the maximum, +2 K,

IFor sources with less small-scale structure the correlated noise contribution will show Icss
variability onshort time scales, bul may still be significant,. For the Cral supernova remnant,
with a diamcter ~ 3 arcminutes and anl-band{lux of ~ 1000 Jy, the correlated noise
contribution inl-band phased-VLA (1 l-array) observationsranges smoothly from ~ 100 K
at transit,to~ 2501< at large hour angles; this contribution is larger than the ~ 90 K

contribution of the remmant to the system temperature of an individual antcnna.

With current receiver sensitivities there only afew sources where the correlated noise
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cffects will be as pronounced as in the above examples. 1 lowever there are many sources for
which corrclated noise may have amcasurable effect on sensitivity which should be accounted

for when designing experiments and calibrating data.

I would like to thank G. Reschand J. Ulvestad for careful readings of the manuscript
and for many helpful discussions. This work was performedat the Jet I'repulsion Labora-
tory, operated by the California Institute of Technology, under contract with the National

Aeronautics and Space Administration.
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Figure cCaption

Figure 1: This figure plots 7"3}f vs. hour angle for the case where the phased-array V9.Ais
used to observe the core of a radio galaxy similar to Cygnus A; the four panels correspond
to the four array configurations of the VLA (A, B, C,D). Kach pancl shows 'J'Cd}f vs. hour
angle points for 45 orientations on the sky; each point plotted corresponds to 'J'j}f for a given
1Lrour angle and given source oricniation. Ior onesource orientation (approximately that of

Cyg A) ’J'j’” VS. hour angle is shown as a solid lincinorder to indicate the timcsc.ales on

which Tj}f vanes.
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Appendices

A Fluctuations in the arrayed signal

In this section we consider the fluctuations in spectral power of the summed signal, and
motivate the statement that A’y = Iy, where Py is the spectral power of the arrayed signal.
The completely generally derivation is left to rcaders with alarge supply of scratch paper.
The basic expression for the fluctuations in the instantaneous spcctral power is

ATy = ((Jos(n P = P = [(lox(r0)l") - 1227 (29

where vy is given by Equation (7), Yor this calculation it is useful to work with the real ant]

imaginary parts of the signals explicitly and we will write
c'i‘f’:'nvi(v,i +7") =i iy, (25)

(such that vy = YN[, + y:)]), where @i, y; arc zero-mean random variables. We assume
that for a given antenna a; and y; arc uncorrclated, and that they have identical statistical
propertics (mean, variance etc.). It is uscful to note that with these assumptions
])
(z:) ={(vi)=0 and (%) = (9:%)° 5 (26)
where P is the spectra] powecr at the ¢** antenna. Using the fact that for a single antenna,

AL’ = 1%, we can writle

p2 o= ([2/+ 7)) - P2 = ()4 (o) + 2@ () - P7 (27)
from which it follows that
4 372
() = (et = 2 29

Returning to the summed signa, the spectral powerin the summed signal can be written
los(v, 1) = ZM & +iy) ZW Tp ~— 1Y)
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N N N N

= 3 WiW,aar + Z Z WWrysyr (29)
i=1 k=1 =1 k=1
SO,
N N
o= 303 Wili((eia) 4 () (30
and
N N N N 2
lox(n ) = 302 Wil 4 37 5 Wiy
i=1 k=1 =1 k=1
N NN N NN X
= > Z Z Z ]/‘/ ‘1 ]4/111.’171',’1‘,1;131331n _* Z > Z z ‘/1/ ]4 VVﬂmez?jkylym +
=1 k=11=1 m=1 i=1 k=1 1=1 m=1

N

N N
42 Z Z Z W Wi, ]/meimkylym . (31)

i=1 k=11=1 m=

—

In the interests of space we will not try work with these expressions in their completely
general form. Rather we will consider the case of an array of identical antennas (W; = W, =
W, 7; = I = P) where Iiquation (31) becomes

N N

N N N N
|’(7E(llat)|4 = ‘/‘/4 Z ZZ Z TXRTITyy + ”14222 Z yiJleJm

i=1 k=1 l=1 m=1 i=1 k=1 I=1 m=1
N N N N

+2VV4 Z Z E Z Tk Y1 Ym (32)

i=1 k=1 1=1 m=1
and liquation (30) becomes

12

N
Py o= w2y > (i) + (viyr)) 53

=1 k=

—

We then examine tWo limiting cases and show that Al'. = Py holds{or both, In tne
first case we assume that the signals at the antennasarc completely uncorrelated; in the
second wc will assume that thesignal at al the antennas are completely correlated, in fact

that signals at onc antenna is exactly the same as thesignalat every other antenna.
Inthe case where the signals at all antcnnas arc uncorrclated we note that fori # k

(wivr) = (x:){xx) = 0 and (v;23) = (e )ad) =0 . (34)
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Using these cxpressions, liquation (33) becomes

puneorr _ w2 E( ) = W?ANDP . (35)

and lquation (32) becomes
N

N N N N N N N
(Jogmmeerr|ty = wH <ZZ D mmmm> + W <ZZZ > ?/i'!/kylym> +

1=1 k=1 =1 m=1

N N N N
+2WADTDI TN TS vimiyiym)
i=1 k=1 1=1m=1
N

St

i
—
tad
‘ﬂ‘

N
wH <Zari4 +3

i=1

N N N
1; ag > + wH <Z3/1’4 + 3E§:yi2yk2> -+
1=1

i=1 ki
z '23112>
-1

N N N
- W“E ) + 311/‘22 (@) () + WS (i

+ow

P
™=
}2

i
o
ﬁ'

1=1 k#1 i=1
N N N N
F3WAD D M wk®) +2W DS (@) ()
1=1 ki 1=1 =1
4 ] 2])2
= 2W 3NT +3N(N — 1)-ﬁ + N
= 2WINZP? | (36)
When these are expressions are substituted into Iiquation (24) wc have

APguncorr [(lvxuncor]-|4> - ])Euncorm]l/? — WIND = Py uncorr (37)

as required.
For the completely correlated case we can substitute @; = @ = @ and y; =y = ¥ so
(Jogr|®y = (WINY (2! + o + 22%y?))
CWAN((a) 4 (o) + 202 ?)
= QWIN1pP? (38)
and
Py = WAIN?((2?) + (y?)) = WEN? P . (39)
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Fquation (24) thenreduces to

A])§01.r . ”/2]\72]) - ])5_()301'1' (40)

as required.

B Expression for single-dish, correlated, and arrayed spectral power

The voltage at the ¢t* antenna can be written

" . o o Ti
vi(r,1) = ¢\ /kp // d$ gi(8 — 80)&(v, )™ [t- 55 + vl (m,1) . (41)

The first term in this equation, v}, is the random noise voltage, and the sccond term is
the voltage clue to cclestial sources, where €o(7,8) isthe electric field at the origin of the
array, clue to radiation from the direction § at frequency v;g;(§ — 80) is the ficld pattern
of thei antenna (defined such that ¢2(0) =G, where Gj is the on-axis gain of the it
antenna); r; is the displacement ¢** of the antenna from the origin; ¢; is a phascshift clue to

media and instrumental cffects particular to the ¢** antenna; c is the speed of light and kg

is Boltzmann’s constant.
The correlated spectra] power can be written

pi(¥) = (=it ) [or(nt + ),
AMm m : ) n v :m X
= kp <e’(¢k % )[c'¢‘ // ds gi(8 - 80)Eo (v, §)c 247! SEE vt T )
1
. N m _"_s_ i
[C"f”‘ // ds !/k(é _ §o)50(1/, é)0127ru[1+rk _1c ] . v;‘(y, 1 + T]("g T
(42)

Since radiation from natural radio sources is spatially incoherent, and the noise voltage at

antenna : is uncorrclated with that at antennak, for ¢ # & this reduces to

pik(y) _ kBCi(tstf).‘ —6¢y) // ds gi(As)gk(AS)](é)CﬂmxB.‘k.As , i 7{ L
(43)
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where As = § — Soand By, = (r,— r;)/c,8¢; = ¢i — ¢™,and I(8) is the combined brightness

distribution of all sources in the beam. lior =% this corresponds to /s the single dish power

of the i antenna,
piv) = Piv) = b [[ dsgh(a9)1@) + kui . (44)

in the above equations 6¢; = ¢; — ¢™,1(8) is the combined brightness distribution of all
sources in the beam,7; is the noise temperature of the ith antenna ant] kg is Boltzmann’s

constant.

The total summed power can then be written

N N N . .
Py o= kp SOWRT 4 kp S0 Y Wi 64-64) / / 8 g:(As) ge(As)] (8)c2mDinds
i=1

1=1 k=1
(45)
If we note hat the synthesised beam of the array is given by
N _ :
B(As) = > W W, 64i=86) g (Ag) g (As)ci2rvBinas (46)
1=1 k=1
it can be seen that
N
Pe(v) = kg [Z W 4 / / s B(As)](é)] . (47)
=1

The contribution of cclestial sources to the summed power is given by the integral over the
sky of the product of the synthesized beam and the brightness distribution. Since for most
arrays the synthesized beam has significant side-lolxw, regions of the source well away from

So may make a significant contribution to J*%:.
Alternatively, if wc note that the normalized source visibility Vir on the i-k bascline is
given by

1 )
T Tt — & i A-. . AL ] : 2nvBix-As
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where S = [[ d§1(8). For the spccia‘] case of ¢ =k,

/dS Jt = % 1 y (49)

where G is the weighted average, over the brighiness distribution, of’ the gain of the 3t*
antenna. I'he summed power can be written

Pe(v) = ky [Z W21 + qzz WWi /GGy ci(6¢;—6d'k)yik] . (50)

i=1 k=1

Separating the contributionsof the target source and the background source gives

Pe(v) = kg [}:W?J + SOLLWW VGGl 40

1=1 k=1

1 gbkgnd Z}jIafi\ﬂlfm/c:iakc"(&ﬁa—&é'k)v};kg"d] . (1)

=1 k=1

C Weighting factors

The weighting factors W;should be cjioscit so asto maximize theratio Gi'[r/'l'd’ where

¢t ?

Gﬁﬂ“ and 'J'g)ﬂ arc given by Equations (1 6)and (1 7), respectively. SuchW; will satisfy the

o (G 1,0 060, ., o1t
=) = 7 ' = 52
oW, (Tg}, 7. T oW; ~ Ger gy, aw 0 (%2)

for alle = 1,...N, where Gﬁ[r,’f'g}r arc given by lquations (16) and (17). in the case where

condition

the contribution of SP¥819 canbeignored, these conditions can be re-written as
g

N
[Z W,-?’J‘,-] [QWG’ +2,/G; Wi JGi ] [ZZW Wi \/Gin]
i=1 1#7
N N N N
= W;G; [}: W,-zT,] + ZWR'J;] — W15 [ZZ W; W, \/G,-Gk]
i=1 i=1 ]

0

1

1

\/(ZZW,-\/(?{]
i#£J i=1 k=1

(53)
for allj= 1,...N. These N cquations dctermine the N values of W; to within an overall

normalization, and it is not hard to verify they arc satisfied by

G.
W; « \/—; = 1.N . (54)

T, ) J
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It is usually convenient 1o choose the normalization such that

N
SWE=1 . (55)
i=1

Note that the optimal weighting factors, 1;,arenot proportional to the signal-to-noise

ratios, 12sn; (sce Equation []]).

If the contribution of any background sources the system temperature of at each antenna

is accounted for, but the correlated noise tcrmsare ignored, the optimal weighting is

G
W; Ti + G;5° bhand

J=1.N . (56)

If correlated noise termsare included there is no simple closed-form expression for the
weighting factors, but it is straight forward to solve for them numerically if necessary. Ior

most purposes loss of signal-to-noise caused by using liquation (56) is insignificant.
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